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ABSTRACT A method for calculating the structural factor, &j(q), for multicomponent polymer systems is 
described using a random-phase approximation and incompressibility constraint. Also, for 4-component 
polymer systems, all Sij(q) are obtained in explicit forms. Among the many possible choices of 4-component 
polymer systems, we considered only two special cases: (i) a mixture of two block copolymers, (A-B)/(C-D), 
and (ii) a mixture of a block copolymer and two homopolymers, (A-B)/C/D, where the diblock copolymer 
C-D has a chemical structure different from the diblock copolymer A-B, and the two homopolymers, C and 
D, have chemical structures different from the constituent blocks of the diblock copolymer A-B. The spinodal 
points, where all 3ij(q) become infinite, of microphase and macrophase transitions, respectively, for the two 
cases are discussed in detail. 

I. Introduction 
In recent years, block copolymers have been used to 

improve the compatibility of two immiscible homopoly- 
mers.' For example, polystyrene-block-polybutadiene (SB 
diblock) copolymer has been used to improve the com- 
patibility between polystyrene (PS) and polyethylene (PE), 
thereby improving the mechanical properties of PS/PE 
blends. Similarly, polystyrene-block-poly(ethy1ene-co- 
butylene)-block-polystyrene (SEBS triblock) copolymer 
has been used to improve the impact strength of poly- 
(phenylene ether)/polyamide blends. 

Compatibilization of two immiscible homopolymers by 
addition of a diblock copolymer has recently been studied 
theoretically.2+ These studies considered primarily the 
concentration profile at  the interface between the con- 
stituent components. From the point of view of preparing 
multicomponent blend systems, the construction of a phase 
diagram is the most desirable. At present, however, there 
is no theory available which will enable one to construct 
a phase diagram for 4-component polymer systems such 
as the (A-B)/C/D blend system, where homopolymers C 
and D have chemical structures that are different from 
the block copolymer A-B. The only theories available at 
present are the those of Hong and Noolandi7 and Whitmore 
and Noolandi,B which enable one to construct a phase 
diagram for the (A-B)/C blend system (Le., m = 3). 

The structure factor Sij(q) has long been calculated using 
a random-phase approximation (RPA).eJo Since Leibler" 
first calculated Sij(q) for monodisperse diblock copolymers, 
other research gr0ups738J2-23 have extended the RPA 
method to calculate Sij(q) for (i) mixtures of a block 
copolymer and homopolymer and (ii) block copolymers 
having m~l t ib locks~~  or star-shaped b l o ~ k s . ' ~ ~ ~ ~  Still 

included the polydispersity effect in the 
calculation of Sij(q), via RPA, for mixtures of a block 
copolymer and hompolymers. Specifically, Ijichi and 
Hashimoto20 obtained explicit expressions for Sij(q) for 
3-component polymer systems, and Vilgis et al.15 and 
Benmouna and Vilgis"j introduced three different methods 
(i.e., Omstein-Zernike (OZ) formalism, RPA method and 
Edwards-Hamiltonian methods) to the calculation of &(q) 
for multicomponent polymer systems. Here, "m-compo- 
nent" polymer system refers to a multicomponent system 
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consisting of m different monomers. Therefore, the 
diblock copolymer consisting of components A and B can 
be regarded as a 2-component polymer system, and a 
mixture consisting of a diblock copolymer, (A-B), and two 
homopolymers, C and D, can be regarded as a 4-component 
polymer system. 

In this paper, we shall first present a method to calculate 
Sij(q) explicitly for multicomponent (especially m 2 4) 
polymer systems by extending the RPA method. And 
then, we shall apply the method to the following specific 
cases: (i) mixtures of two block copolymers, (A-B) and 
(C-D) and (ii) mixtures of a block copolymer (A-B) and 
two homopolymers C and D. Emphasis will be placed on 
discussing the stability limits for the microphase and 
macrophase separation, respectively, in the 4-component 
polymer systems. 

11. Theory 

this situation, the scattering intensity I (q)  is given by 
Let us consider an m-component polymer system. In 

m 

where ai (i = 1,2, ... m) corresponds to the scattering power 
of monomer i and q = (4dX)  sin (8/2), in which A and 8 
are the wavelength of the incident radiation and scattering 
angle in the medium, respectively. Applying the incom- 
pressibility constraint and symmetry property (i.e., S'ij(q) 
= S' j i (q))  to eq 1, we obtain 

m-1 

Note that the total number of independent components 
in Sij(q) for the incompressible m-component polymer 
system is m(m - 1)/2. 

It should be mentioned that the incompressibility 
constraint must be used very carefully. Recently, some 
research questioned the validity of the use of 
the incompressibility constraint in the RPA calculation. 
Since a free volume may exist in polymer blends in the 
molten state, it is reasonable to consider the finite 
compressibility. On the basis of the equation of state, 
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Sanchez and L a ~ o m b ~ ~  included the free-volume term in 
the calculation of the phase diagram of polymer blends 
which exhibit the lower critical solution temperature 
(LCST). Benoit30 has formulated the RPA expression for 
the compressible system. By use of the Edwards Hamil- 
tonian, Freed and co -w~rke r s~ l -~~  obtained RPA expres- 
sions for the compressible blend and block copolymer 
melts. Theg3 found that (i) the structure factor, Su(q) ,  
for the block copolymer with finite compressibility does 
not become zero in the limit of q - 0, while S d O )  for the 
block copolymer with incompressibility is equal to zero 
and that (ii) significant differences between compressible 
and incompressible RPA structure factors arise in blends 
and block copolymers near the phase- or microphase- 
transition temperature. Very recently, Dudowicz and 
Freed34v35 showed that the finite compressibility must be 
considered in order to explain experimental results ob- 
tained from small-angle neutron scattering (SANS) for 
the phase behaviors of a polystyrenelpoly(viny1 methyl 
ether) blend. 

Note that for the compressible m-component polymer 
s stem the total number of independent components in i, (4) is m(m + 1)/2, Also, the void volume fraction, +v, 
and additional interaction parameters between each 
component and the void volume (i.e., free volume), xLv (i 
= 1 - m), which are very difficult to measure experimen- 
tally, are needed to obtain Sij(q) for the compressible 
m-component polymer system. 

Thus, even if we are well aware of the argument against 
the incompressibility assumption, we shall use this as- 
sumption for the reason that it allows us to perform 
relatively straightforward calculations for Sij(q) for an 
m-component polymer system. 

Applying the RPA method to the m-component polymer 
system, one has"" 

(i = 1, 2, ..., m) 

where S&) is the ideal response function, i.e., the Fourier 
transform of the density-density correlations of monomers 
i and j for ideal Gaussian chains; U,(q) is the external 
potential exerted by adding the j th monomer; h i  is the 
concentration fluctuation of monomer i; @ = l/kBTin which 
kg is the Bdtzmann constant and T is the absolute 
temperature; &k is the Flory interaction parameter be- 
tween monomers j and k; V is the potential required to 
assure incompressibility; and vector 4 having m compo- 
nents is given by (1, 1, ..., 1, UT, in which superscript T 
denotes the transpose of the vector I. 

With the incompressibility constraint, Clm,lGn, = 0, from 
eq 3 we obtain 

ZankIl + sm,(q)(x,m - X,k)l - @S,(q)u,(q) 

V =  (4) 
PS, (q)E, 

By combining eqs 3 and 4, we obtain the following 
expression for 6n,(q): 

A W q )  = OB ( 5 )  

r= l  

And, Gni(q) appearing in eq 7 is also given bys11 
m 

Applying the incompressibility constraint and symmetry 
properties of Sij(q) to eq 10, we obtain 

m-1 

Since Gni(q) in eqs 5 and 11 must be the same, we have the 
structure factor Sij(q): 

m-1 

(i = 1,2,  ... m - l;j  = 1,2, ... m - 1) 

where A-' is the inverse of matrix A, whose components 
are defined by eq 6. From eq 12 the spinodal point of an 
m-component system can be obtained easily since every 
Sij(q) has the determinant of Aij(q) in the denominator. 
Note that if the determinant of Aij(q) is equal to zero, all 
Sij(q) become infinite. 

At  this juncture, let us compare eq 12 with the method 
introduced by Benoit and c ~ - w o r k e r s , ~ ~ J ~  who obtained 
Sij(q) for multicomponent polymer systems as follows: 

W q )  = S,'W + U(q) (13) 
where S,(q) and U(q) are the bare (or single-chain) 
structure matrix and the interaction (or excluded-volume) 
matrix, respectively. U(q) in eq 13 should not be confused 
with Uj(q)  in eq 3. Note that the matrices of &q), S&), 
and U(q) have (m - 1) X (m - 1) components. 

In order to facilitate a comparison of eq 12 with eq 13, 
eq 12 can be rewritten with the aid of eq 6 in the following 
matrix form: 

i n q )  = [So - 6s,(q)l-' + ( x ,  - ax,) + 
[S,(q) - SS,(q)I-'*(X + v0€J (14) 

where all matrices are (m - 1) X (m - 1) matrices, given 
by 

sow = S,,(q.) (15a) 
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Notice that when there is at least one homopolymer (or 
solvent) in the mixture and if the homopolymer (or solvent) 
is taken as the mth component, all Smj(q) 0' = 1,2,  ..., m 
- 1) are equal to zero. In such a situation, eq 16a is 
automatically satisfied since 6S,(q) becomes a zero matrix 
(see eq 15b). For mixtures of a block copolymer (A-B) 
and homopolymer C (i.e., 3-component system), eq 16b 
reduces to eqs 19a and b in ref 16 (see Appendix I). 
However, when there is no homopolymer (or solvent) 
present in the mixture, 6So(q) is not a zero matrix since 
at least one component in Smj(q) is not equal to zero, and 
U(q) given in eqs 19a and b in ref 16 cannot be used. 
Therefore, we can say that eq 14 (or eq 12) is more general 
than eq 1 in refs 15 and 16. Notice further that, for the 
3-component polymer systems, calculations ofSij(q) from 
eq 13 can easily be done. For 4-component polymer 
systems, however, Sij(q) from eq 13 can be obtained only 
by a trial-and-error method even whenU(q) is known (see 
Appendix I). On the other hand, the calculation of Sij(q), 

via eq 12, for multicomponent systems is straightforward 
since the inverse of the matrixAij(q) caneasily be obtained 
numerically without using a trial-and-error method. 

Although Sij(q) and the determinant of Aij(q) can easily 
be calculated numerically, one may be tempted to ex ress 
Sij(q) in an explicit form. Since the structure factors Eij(q) 

in the explicit form for the 3-component systems were 
already obtained by one of us,20137 we shall consider the 
4-component polymer systems (i.e., m = 4), which can 
represent mixtures of two block copolymers, (A-B) and 
(C-D), or mixtures of a block copolymer (A-B) and two 
homopolymers C and D. Notice that the chemical 
structures of C and D are different from those of A and 
B. 

After long mathematical manipulations, for m = 4 we 
can express the determinant (1p11) of Aij(Q) as 

1p11 = [S,(q)/t,(q)l/F(q) (17) 
where S4(q) is the sum of SLj(q): 

4 4 

and F(q) is given by 

where W4(q) is the determinant of Sij(q) 

(a = 1,2,3; fl  = 1,2,3) 

where 

(y # 6 # a # Bandy < 6) 
The indexes a, f l ,  y, 6, and c appearing in eqs 21 and 22 
are not dummy variables, so the summation of these 
indexes must not be taken. From eq 21 S11(q), for example, 
is given by 

4 

where 
2 

x*11,2 = 2(x23x24 + x23x34 + x24x34) - (x23  + x242 + X3:) 

(23a) 
111. Spinodal Decomposition for 4-Component 
Polymer System 

scattering intensity I ( q )  is given by eq 2: 
(a) Stability of F(q). For 4-component systems, the 

3 

I (q )  - C ( U i  - a41 (ai - a4)Sij(q) (24) 

It can be seen from eq 24 that I ( q )  cannot easily be 
I J - 1  



128 Kim etal. Macromolecules, Vol. 26, No. 1, 1993 

determined quantitatively, even if all Sij(q) are known, in 
the situation where accurate information for all ai is not 
available. Therefore, we consider only the stability limit, 
where Z(q) becomes infinite at q = q*: 

Z(q*)  - O0 (25) 
Since all components of S i j ( q )  have the common denom- 
inator F(q)  (see eq 21),Z(q) becomes infinite when F(q)  
is equal to zero. 

In order to calculate F(q) for 4-component systems, we 
need six different Flory interaction parameters, ~ 1 2 ,  X13, 

XU, xz3 ,  X24, and x34 ,  and four different values of degree 
of polymerization, N1, Nz,  N3, and N 4 .  For given values 
of N i  (i = 1-4), ((xs)ij], which makes F(q*) equal to zero, 
can exist. Note that q* can be obtained from the value 
of q m  where F(qm=q*) becomes zero (or I(qm=q*) diverges 
to infinity) at  (X8)ij. qm is the value of q which makes F(q)  
a minimum at given x i j ,  and q m  can change with x i j  for 
4-component polymer systems. For q* = 0, ((X8)ij) describes 
the spinodal or the limit of thermodynamic stability for 
the macrophase transition (or separation), whereas for q* 
f 0, ((X8)ij) describes the spinodal point for the microphase 
transition (or separation). 

Since a criterion for the stability limit (or relationships 
between x i j )  for 4-component systems is very difficult to 
obtain analytically, let us consider a special case where all 
Ni and the ratio x i j / x l z ,  except for ~ 1 2 ,  are fixed. In such 
a situation, the spinodal transition in terms of ( ~ N I ) ,  can 
be obtained from 

where x is X ~ Z  and N1 is the degree of polymerization of 
component 1. In order to check whether or not eq 26 is 
indeed satisfied, we rearrange eq 19 as 

where 

in which 

Note that since everySij(q) in Dz,i,k!(q) and Wd(q) contains 
Nk (k = 1-4), ao(q), bo(q), and c,(q) in eq 28 have R i j  and 
N k  implicitly. 

Let us now consider several specific cases: 
(i) co(q) = 0. This case can be obtained from the 

following relationships for xi,: 

R3, = 1 (30a) 

R,, = R,, = a (30b) 

R13 = R,, = 1 - a (304 

where 0 5 a 5 1, since eq 30 gives X*D = 0. Note that when 

a is equal to unity, the 4-component system under 
consideration represents a mixture of two block copoly- 
mers, (A-B)1 and (A-B)2, having the same structure. 
Therefore, in this situation, the following relationship must 
be satisfied in order to obtain a definite value for (XN~),: 

[a,(q*)12 2 4b,(q*) (31) 
It should be mentioned that eqs 30a-c can be applied 

to a special 4-component system. Since there are six 
independent xv (i.e., xlz, X13, X14, x23 ,  X24, and XM) in eq 
27, five dependent equations given by eqs 30a-c leave only 
one unknown x (i.e., ~ 1 2 ) .  Therefore, eq 27 can be solved 
if xlz is known. But, since x,, is usually expressed by the 
solubility parameters of the monomers i and j (6, and S,), 
six x,] are expressed by only four solubility parameters, 6, 
(i = 1-4). For example, xlz is given by 

x 1 2  - (6, - 6,T (32) 
In this situation, (Y in eqs 30b and c must be equal to 1 or 
0 (i.e., a mixture of (A-Bh and (A-B)z) when the 
relationships for xV are given by eqs 30a-c. 

But, due to specific interactions such as the hydrogen- 
bonding force between the monomers i and j, the values 
of xv cannot be determined by the solubility parameters 
alone. Therefore, we will continue to use the very special 
relationships for xl1 given by eqs 30a-c for the 4-component 
systems. 

(ii) co(q) # 0. In this case, one can easily know that 
at least one value of (xN&, which may be either positive 
or negative, exists due to the characteristics of the cubic 
function F(q) with respect to xN1. 
(b) Mixture of Two Block Copolymers (A-B) and 

(C-D). For mixtures of block copolymer (A-B) and block 
copolymer (C-D) S&) are given by 

Sll(4) = 4lNlg(flfll) (33a) 

SZZ(4) = 41N1g(l-f1f l1)  (33b) 

(33c) 

(33d) 

S12(q) = (1 /2 )41Nl~(~ f l l )  - g(flfll) - g(l-flfil)~ (33e) 

(330 
(33g) 

where 41 and 1 - 41 are the volume fractions of block 
copolymers (A-B) and (C-D), respectively,fi is the volume 
fraction of component A in block copolymer (A-B) and f3 
is the volume fraction of C in block copolymer (C-D), and 
flN1, (1 - f d N 1 ,  f 3 N 3 ,  and (1 - f 3 N 3  are degrees of 
polymerization (or number of statistical segments) for A-D 
chain segments, respectively. Also g(f,,N,) is given by 

g ( f , f l , )  = 2[fixi + exp(-f,x,) - 1l/xl2 (34a) 

x ,  = N,q2a2/6 (34b) 
Note that the statistical segment length, a, in eq 34b is 
assumed to be the same for all polymers A-D. For 
illustration purposes, let us consider a special case, where 
all R,  are given by eq 30. Note that when eq 30 is used, 
F(q)  in eq 27 becomes a quadratic function with respect 
to ( x N I ) ,  since X*D in c,(q) is equal to zero (see eq 2Od). 

For f l  = 1 - f3 = 0.2, N 3  = ( ' /4)N1,  and a = 0.2, plots of 
F(q)  versus qRgl for various values of x N 1  at 41 = 0.4 and 

s33(q) = (1 - 41)N&(f3fl3) 

s 4 4 ( q )  = (1 - & ) N & ( l - f 3 f l 3 )  

s 3 4 ( q )  = (l/Z)(l - cb1)N3k(1f13)  -g(f3f l3)  - g ( l - f 3 f l s ) l  

s 1 3 ( q )  = s 1 4 ( q )  = s z 3 ( q )  = s z 4 ( q )  = 0 

where 
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Figure 1. Plots of F(q)  versus qRgl for f~ = 1 - f~ = 0.2, NdN1 
= 0.25, and a = 0.2 for various xN1 at different 41: (a) 41 = 0.4; 
(b) 41 = 0.2. Circle and triangle represent microphase and 
macrophase separations, respectively. 

0.2 are given in panels a and b, respectively, of Figure 1. 
Note that Rgl is the radius of gyration of the block 
copolymer (A-B). We have chosen two values of 41 (i.e., 
0.4 and 0.2), since at 41 = 0.4 the spinodal for the 
microphase transition, (xN1)8,mi-o, occw more easily than 
that for the macrophase transition, (XNl)s,macro (Le., 
(xNA,micro  < (xNds,macro), while at 41 = 0.2 (xNds,macro is 
less than ( ~ N 1 ) ~ , ~ i ~ ~ ~ ,  which will be elaborated on below. 

The following observations are worth noting in Figure 
la: (i) for xN1< 47.9, the system does not become unstable 
(i.e., it remains in a stable or metastable state) for both 
microphase and macrophase separations, since F(q)  is 
larger than 0 for all values of qRgl; (ii) for xN1 = (xNd(-) 
= 47.9, F(q*) becomes zero at (qRgl)* = 1.86, which 
corresponds to the spinodal for microphase separation, 
and the q mode at (qRgl)* = 1.86 becomes unstable. Note 
that there exist two values of xN1, (XNIP, and (xNl)(+) 
where (xN#-) < (xNl)(+), from the solution of F(q*) = 0 
at (qRgl)*, because F(q) in eq 27 becomes a quadratic 
function with respect to xN1 when eq 30 is used; (iii) for 
xN1 = (xN1),,,a,o = 63.6, F(q-0) becomes zero, which 
corresponds to a spinodal for the macrophase transition 
since the mode with q = 0 becomes unstable; (iv) for xN1 
= (xNl)(+) = 105.3, F(q) becomes zero again at (qRgl)* = 
1.86, but it does not have a minimum at (qRgl)*; (v) for 
xN1> (xNl)(+) (e.g., xN1 = 1501, the q mode with (qRgl)* 
= 1.86 becomes stable, while the q modes satisfying 0 I 

I- 
0.0 ~ 

10 0 200 3 0 0 4 0 0  

Figure 2. Plots of (qRgdmnbr versus xN1 for f 1  = 1 - f~ = 0.2, 
NdN1 = 0.25, and a = 0.2 at qh = 0.4. 

409 
XN 1 

qRgl I 1.24 and 3.32 I qRgl I 6.48 become unstable; and 
(vi) (qRgl),nbr, which is the minimum point in the second 
unstable region appearing in curves 5 and 6, increases with 
increasing XNl. It should be noted from curves 2 and 5 
that only (xNl)(-) becomes ( ~ N I ) ~ ~ ~ ~ ,  because for (xNl)(+) 
F(q) does not exhibit aminimum at (qRgl)* althoughF(q*) 
is equal to zero. 
Also, the following observations are worth noting in 

Figure lb (i) for xN1< 69.4, the system does not become 
unstable (i.e., it remains in a stable or metastable state) 
for the macrophase separation, but the minimum in F(q) 
OCCUIB at Q = qm # 0; and (ii) for xN1= (xN1),macro = 69.4, 
F(q*=O) becomes zero, which corresponds to the spinodal 
for the macrophase transition where the q mode at q = 0 
becomesunstable. It is of interest to note that the q modes 
around qRgl = 2, which are unstable for small xN1 (e.g., 
xN = loo), become stable with further increased values 
of xN1 (e.g., XNI = 1501, which is a trend similar to that 
shown in Figure la. 

It is surprising to note in Figure 1 that, for larger values 
of xN1 (e.g., curves 5 and 6 in (a) and curve 5 in (b)), there 
exist two unstable regions.38 Note that (qRgl),enbr shifts 
continuously from (&I)* toward a larger value of Q with 
increasing xN1 (compare curve 5 with curve 6 in Figure 
l a  and compare curve 4 with curve 5 in Figure lb). 
Therefore, we conclude that the unstable region on the 
left side is related only to macrophase separation, while 
the unstable region on the right side is related to 
microphase separationwith the q mode of (qRg1)Wnbr. To 
illustrate the point, plots of (qRg1)Wnbr versus xN1 are given 
in Figure 2, from which we can observe that (qRg1)Wnbr 
changes little for 47.9 < xN1 < 75, but it increases 
significantly for XNI > 90. For 76 < XNI< 88, (QRglIcentsr 
does not exist (see curve 4 in Figure la). 

It should be mentioned that the values of (qRgl)* in 
Figure 1 were obtained from (qRg&,, where F[(qRgl)mJ is 
equal to zero at a given (~NI),. Note that for the (A- 
B)/(C-D) mixture, (qRgdm, which makesF(q) a minimum 
at given xN1, can vary with XNI. This is quite different 
from the mixtures of two block cqmlymera having the 
same chemical structure, (A-B)l/(A-Bh, where (qRgdm is 
the same as (qRgl)* regardless of the value of xN1. To 
illustrate the point, let us consider the (A-B)l/(A-B)z 
mixture (i.e., a = 11, and plots of F(q) versus qRgl for 
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Figure 3. Plots of F(q)  versus qR81 for f~ = 1 - f 3  = 0.2, NdN1 
= 0.25, ~$1 = 0.4, and a = 1 for various xN1. Circle and triangle 
represent microphase and macrophase separations, respectively. 

various values of xN1 at 61 = 0.4 are given in Figure 3. It 
can be seen in Figure 3 that (i) for xN1 = (XNl)s,micro = 
12.15,F(q) becomes zero at (qRgd* = 1.03, and (ii) for xN1 
> 12.15, F(q*) becomes negative (i.e., unstable at  q*) and 
(qR&, which makes F(q)  a minimum, remains equal to 
(qRgl)* regardless of the value of xN1. It should be 
mentioned that each curve in Figure 3 cannot be super- 
imposed onto one another by a vertical shift. Note that 
for the (A-B)l/(A-B)2 mixture, F(q) in eq 19 becomes 

F(q)  = [ S ( q ) /  W q )  - 2x1 [ W(q)/S(q)I (35) 
where 

S(q) = S,,(q) + 2S,,(q) + S,,(q) + S33(q) + 2 s  3 4 w  + 

W ( q )  = [S*,(q) + S33(@1 [S,,(q) + S 4 4 W I  - [S,,(q) + 
S,(q) (Ma) 

S34(q)I2 (36b) 
But, according to ref 18, f ( q )  is usually defined by 

f (q)  = S(q)/W(q) - 2x (37) 
showing that the dependence of f (q)  on q does not vary 
with x (or xNd. Thus, f (q)  for various values of x (or 
xN1) can be superimposed onto one another by a vertical 
shift. However, according to eq 35, the dependence of 
F(q)  on q varies with x and F(q)  for various x (or xN1) 
cannot be superimposed onto one another by a vertical 
shift, as shown in Figure 3. 

Based on Figures 1 and 3, plots of (xN1), versus 41 for 
various values of a (0 I a I 1) are given in Figure 4a-f. 
Note that the c a e  of a = 1, given in Figure 4a, corresponds 
to the (A-B)l/(A-B)z mixture with f i  = 0.2 and f 3  = 0.8, 
and the case of a = 0, given in Figure 4f, corresponds to 
the (A-B)l/(A-B)2 mixture with f1 = f3 = 0.2 and N3/N1 
= l /4,  where f 3  is the volume fraction of A and N3 is the 
total degree of polymerization in the block copolymer (A- 
B)2. 

The following observations are worth noting in Figure 
4a-fi (i) with decreasing a, the stability for macrophase 
separation increases gradually, and the stability for 
microphase separation increases rapidly for 41 10.2. Here, 
increased stability means a decrease in the transition 
temperature for the systems where x decreases with 
increasing temperature or increasing (~NI) , ;  (ii) for a = 
0, the spinodal curve for the macrophase transition no 
longer exists; (iii) for a > 0.166, in the region of 61,cL I 
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Figure 4. Spinodal curves for f i  = 1 - f s  = 0.2, and NsINI = 0.25 
for various values of a: (a) 1.0; (b) 0.6; (c) 0.2; (d) 0.166; (e) 0.1; 
(0 0.0. 

41 I 61,CRp only the spinodal curves for macrophase 
transition exist; and (iv) for a = 0.166, &,cL and &,CR have 
the same value (0.2). Note that &,cL (and 61,CR) is the 
volume fraction of the block copolymer (A-B) in the 
mixture below (and above) which the spinodal point for 
the microphase transition occurs more easily than that for 
the macrophase transition (Le., (XNl)s,miero < ( X N I ) ~ , ~ ~ ~ ) .  

The spinodal curves for the macrophase transition shown 
in Figure 4a-e were obtained by finding the values of 
(XN~),,, , ,~~ satisfying the following expressions: 

F(q*=O) = 0 for 61,cL I 61 I 41,CR (38a) 
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F(q=O) = 0 for 0 < dl < 41,cL or 41,CR < 41 < 1 (38b) 
By substituting eqs 19,20,33, and 34 into eq 38, we obtain 

where 

Xeff = f l f3x13 + fl(l - f 3 ) x 1 4  + (l - f l l f3X23 + 
(l-fi>(l - f 3 ) X 2 4 - f i ( l  -fl)X12-f3(1 -f3)X34 (40) 

and (Xeff)s is the effective Flory interaction parameter 
between the block copolymer (A-B) and the block co- 
polymer (C-D) at the spinodal point. Note that, for the 
situations under consideration, w4(q=o) and all terms of 
&, i jkC(q=o)  in F(q) (see eq 27) are equal to zero (or, bo- 
(q=O) = co(q=O) = 0). ThusF(q) becomesalinear function 
of xN1, and only one value of (xNl),,,,ro exists. It should 
be mentioned that eqs 39 and 40 were derived previously 
b y ~ t h e r s , ' ~ ~ ~ ~ ~  who investigated the miscibility or stability 
limits for a mixture of two random copolymers, (A-B) and 
(C-D), based on the mean-field theory. Note that the 
mean-field spinodal point for the macrophase separation 
in a mixture of two block copolymers is the same as that 
in a mixture of two random copolymers and can easily be 
obtained from the Flory-Huggins theory with proper 
modification of the free energy. 

It should be pointed out that in Figure 4 spinodal curves 
occurring for 41,CR < $1 < 1 have a physical meaning 
different from those for &,cL I $1 I 41,CR. For example, 
point C in Figure 4c has physical meaning only in the case 
when the mixture is quenched from a single phase (e.g., 
point A in Figure 4c) to a state above point C. When the 
mixture is first quenched from a single phase to a state 
between point B and point C, point C cannot predict the 
spinodal from the state between point B and point C to 
a state above point C. In this sense, point C is not a 
spinodal for the macrophase transition in the conventional 
sense. In other words, at point C in Figure 4c, F(q)  is not 
a minimum at q = 0 although F(q=O) is equal to zero, as 
shown in curve 3 in Figure la. The spinodal for mac- 
rophase separation in the conventional sense corresponds 
to the system where F(q)  is a minimum at q = q* = 0 and 
F(q*=O) = 0, as shown in curve 2 in Figure lb. Note that 
the values of xN1 at points A-E in Figure 4c were used to 
obtain curves 1-3, 5, and 6 in Figure la, respectively. 

The observations made above in reference to Figure 
4a-e (i.e., the stability for macrophase separation is 
enhanced with decreasing a) can be explained using eqs 
30 and 4 0  

cfi + f3 - - a(2f1- 1)(2f3 - 1) 
(41) 

When f1 + f3 = 1 (except for f1 = f3 = 0.5), eq 41 reduces 
to 

(Xeff)al(Xeff)a=l = a (42) 
For 0 < a I 1, the value of (Xeft)a becomes smaller with 
decreasing a, which explains the enhanced stability for 
macrophase separation shown in Figure 4a-e. But eq 41 
(or eq 42) cannot be used to predict the spinodal curves 
for microphe  separation given in Figure 4a-f. Note from 
eq 39 that macrophase separation no longer exists when 
(Xeff)a is equal to 0, which is the case for a = 0, given in 
Figure 4f. 

Plots of (qRgl)* versus 41 for various values of a are 
given in Figure 5. Note in Figure 5 that (i) for the mixtures 
having a greater than 0.166, with increasing 41, (qRgl)* 
decreases sharply in the region of 41 < 41,cL, is zero for 

( X e d a  -= 
(Xeff)a=l Vi + f3 - 1)' - 1)(2f3 - 1) 
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Figure 5. Plots of (qRgl)* versus 41 for f1 = 1 - f~ = 0.2, and 
NdNl = 0.25 for various values of a. 

41,cL I 41 I 41,CR, and increases in the regime of 41 > 
41,CR; (ii) for the mixtures having a less than 0.166, (@,I)* 
decreases gradually with increasing 41; and (iii) for the 
mixtures having a equal to 0.166, (qRgl)* for macrophase 
separation occurs at only one point, 41 = 0.2. 

For f1 = 1 - f3 = 0.5, N3 = (l/4)Nl, and a = 0.5, plots of 
F(q)  versus qRgl for various values of xN1 are given in 
Figure 6a for 41 = 0.2, Figure 6b for 41 = 0.1, and Figure 
6c for 41 = 0.35. Note that this system does not have 
instability for macrophase separation, as is obvious from 
eqs 30 and 40 (Le., Xeff = 0 for all a). It can be seen from 
Figure 6a that (i) for xN1< (XNl)s,micro = 52.5, the mixture 
does not become unstable (Le., it remains in a stable or 
metastable state) for microphase transition; (ii) for xlV1 
= 52.5, the mixture becomes unstable at two different 
modes, (qRe1)*(l) = 1.946 and (qRgl)*(2) = 3.89; and (iii) for 
52.5 < xN1, the mixture becomes unstable for two modes, 

(qRg1,R)". The center of the unstable mode (or the 
minimum point in F(q))  occurring on the left side, 
(qRgl)wnter(l), shifts toward a smaller q mode with increas- 
ing xNl, whereas the center of the unstable mode occurring 
on the right side, (qRgl)cantel(2), shifts toward a larger q 
mode with increasing xN1. 

From Figure 6b, it can be seen that (i) for xN1 < 
(XN1)sp,icro(') = 46.6, the mixture does not become unstable 
(i.e., it remains in a stable or metastable state) for 
microphase transition; (ii) for xlV1 = 46.6, the mixture 
becomes unstable for microphase separation at 
= 3.89; (iii) for 46.6 < xN1 < (xN~)~,mi~(l) = 112.87, the 
q modes near (qRg1)*(2), or (qRgl)canter(2), become unstable; 
(iv) for xNl = 112.87, the q modes at (qRg1)*(l) = 1.63 and 
near (qRg1)*(2) become unstable; and (v) for xlV1> 112.87, 
the q modes at both (qRgl)center(l) and (QRgl),nbJ2' become 
unstable, and (qRgl)center(l) and (qRg~)center(2) shift toward 
a lower and higher value of q, respectively, with increasing 
xN1. Figure 6c can be explained in a similar manner. This 
system is just complementary to the system considered in 
Figure 6b. The mode reaches an instabfity first, 
and the mode (qRg1)*(2) reaches an instability later with 
increasing xN1. 

Based on Figure 6, plots of (qRgl)* versus 41 are given 
in Figure 7a. It can be seen in Figure 7a that (i) (qRtl)*(l) 
is the same (i.e., 1.946) as that for the block copolymer 

(QRgl,L)(l) 5 I (qRgl,R)(l) and (G'Rg1,L)(2) (QRgd 5 
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Figure 6. Plots of F(q)  versus qRgt for f~ = f s  = 0.5, NdN1= 0.25, 
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= 0.1; (c) 6 1  = 0.35. Circle and triangle represent microphase 
separation with (qRgl)*(l) and (qR,1)*(2), respectively. 

(A-B) for 4 1  L 0.13 and decreases rapidly with decreasing 
91 and (ii) (qRg1)*(2) is the same (i.e., 3.89) as that of the 
block copolymer (C-D) for 4 1  5 0.312 and increases rapidly 
with increasing $1. Note that it may be possible that two 
values of (qRgl)* exist for 4 1  < 0.06 and 4 1  > 0.5 (but not 
for 4 1  = 0 and l), although it is very difficult to determine 
the exact value from numerical computations. 

Also based on Figure 6, plots of (xNA versus 91 are 
given in Figure 7b. Note that (i) the values of xN1 a t  
points A-C in Figure 7b were used to generate curves 1, 
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Figure 7. (a) Plots of (qR,d*(l) and (qR,1)*(2) versus $1 for f1 = 
f 3  = 0.5, N 3 / N 1  = 0.25, and a = 0.5. Curves 1 and 2 represent 
(qR,l)*(l) and (qR,1)*(2), respectively. (b) Plots of (XN~), versus 
$1. Curves 1 and 2 represent (XNl)s,micro(') and (XNds.miero(2), 
respectively. 

2, and 5 in Figure 6a, respectively; (ii) the values of xN1 
at points D-F in Figure 7b were used to generate curves 
2-4 in Figure 6b, respectively; and (iii) the values of x N 1  
at points G I  in Figure 7b were used to generate curves 
2-4 in Figure 6c, respectively. It can be seen in Figure 7b 
that, in the system considered above, there exist four 
different regimes: (a) regime I, where the mixture does 
not become unstable (Le., it remains in a stable or 
metastable state) for microphase transition; (b) regime 11, 
where the mixtures become unstable for the q modes near 
(qRgl)center('), but stable or metastable for the q modes 
with (qRgl)center('); (c) regime 111, where the mixtures 
become unstable for the q modes near (qRgl)center('), but 
stable or metastable for the q modes with (qRg1)cenbr"); 
and (d) regime IV, where the mixtures become unstable 
for the q modes near (QRgl)center(l) and (qRgdcenter"). Also 
note in Figure 7b that (i) (XNl)s,micro(') corresponding to 
(qRgl)*(') increases rapidly with decreasing 4 1 ,  (ii) 
(XN1)s,micro(2) corresponding to (qRg1)*(2) increases slightly 
a t  fist and then increases rapidly with increasing 4 1 ,  and 
(iii) these two values become the same at $1 = 0.2. 

Finally let us consider the spinodal curves and (qRgi)* 
given in Figure 8 for various values of a for the mixtures 
considered above (i.e., f 1 =  f3 = 0.5 and N 3  = ('/4)N1). Note 
that, for practical purposes, the spinodal points for the 
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microphase separation of the mixture, ( X N l ) ,  in Figure 
8a, were taken from the value of (XNl)s,micro(l) or 
(XN1)s,micro(2), whichever was smaller. Also, the values of 
(qRgl)* in Figure 8b were taken as corresponding values 
of (xN1), in Figure 8a. It can be seen from Figure 8a that 
the stability for microphase separation increases with 
decreasing a until a I 0.5. Note that the value of ( X N l ) ,  
for 1 - a is the same as that for a. For the mixtures 
considered above, since Xeff obtained from eq 40 becomes 
zero regardless of the value of a, no macrophase separation 
will occur. It is of interest to note in Figure 8a that for 
a = 0.6 and 0.5 there exists a discontinuity in (xNl), at 
41 = 0.2 and for a = 0.8 there exists a slight maximum near 
dl = 0.07, which is quite different from the situation having 
a 1, where (XNl)s,micro decreases steadily with increasing 
$1. Also, at 41 = 0.2, (qRgl)* becomes discontinuous for 
CY = 0.5 and 0.6, as shown in Figure 8b. These phenomena 
can be explained by the existence of two values of 
(XNl)s,micro which occur at  different values of (qRgl)*,  and 
these two values are the same at 41 = 0.2. 

From Figures 6 and 7b, we can conclude that, for specific 
relationships of Rij such as those given by eq 30, it is possible 
that two different values of (XNl)s,micro (i.e., (XNl)s.micro(l) 
and (xN1)s,micro(2)) exist at different values of (qR#1)* (i.e., 
(qR,l)*(l) and (qRg1)*(2)) and that each value of (qRgl)* varies 
with 41. These results can be tested experimentally using 
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Figure 9. Plots of F(q) versus qR,1 for f 1 =  0.5, N3 = Nd = ( l / ~ ) N l ,  
43 = 44 = ( l /&1,  $1 = 0.8, and CY = 0.5 for various xN1. Circle 
and triangle represent microphase and macrophase separations, 
respectively. 

small-angle X-ray scattering by choosing a mixture of two 
block copolymers. It should be mentioned that even for 
the (A-B)l/(A-B)Z mixture, where f1 = f3 = 0.5 and N3 << 
N 1 ,  it may be possible that two spinodal points exist for 
the microphase separation at different values of q*.lS But, 
(qR,I)*(l) and (qR,1)*(2) do not vary with 4 1 ,  which is 
different from the situation of the (A-B)/(C-D) mixture, 
where these two values change with 41, as shown in Figure 
7a. Note further that for the (A-B)d(A-B)z mixture where 
f1 = f3 = 0.5 and N3 is not much different from N1 (e.g., 
N3/N1 = V4) ,  there exists only one value of the spinodal 
for the microphase separation. 

(c) Mixture of Block Copolymer (A-B) and Two 
Homopolymers C and D. For mixtures of block copol- 
ymer (A-B) and two homopolymers C and D, Sij(q) are 
given by 

sdq) = 41Nlg(f,fll) (43a) 

S,,(q) = 41Nlg(l-flfll) (43b) 

s33w = 43N3Nfl3) (43c) 

s,(q) = 44N&(lfl4) (43d) 

S12(q) = ( 1 / 2 ) 4 1 ~ 1 ~ ( ~ f 1 1 )  - gVlfll) - g(l-flfll)~ (43e) 

where 4 1 , 4 3 ,  and 44 are the volume fractions of (A-B), C, 
and D, respectively; NI, N 3 ,  and N4 are the degrees of 
polymerization (or numbers of statistical segments) for 
(A-B), C, and D; and f1 is the volume fraction of component 
A in block polymer (A-B). 

Let us again consider a special case where the interaction 
parameters are given by eq 30. For f1 = 0.5, N3 = N4 = 
(' /z)Ni,  43 = 44 = (1 - 41)/2, and a = 0.5, plots of F(q) 
versus qR,1 for various values of xN1 at 41 = 0.8 are given 
in Figure 9. It can be seen in Figure 9 that (i) for xlV1 C 
(XNl)s,micro = 13.12, the mixture does not become unstable 
(i.e., it remains in a stable or metastable state) for both 
microphase and macrophase separations; (ii) for xlV1 = 
13.12, F(q*) is zero at (qRgl)* = 1.946, which corresponds 
to the spinodal for microphase separation, and the q mode 
satisfying (qRgl)* = 1.946 becomes unstable; (iii) for xN1 
= (XNl)s,macro = 20, F(q*=O) is equal to zero, which 
corresponds to the spinodal for macrophase transition 
where the q modes satisfying both 0 and 1.06 I qR#1 I 3.47 
become unstable; (iv) for xN1 > 20 (e.g., XNI = 501, the 

s13(q) = s14(q)  s23(q) = s24(q)  = S34(q) = 0 (430 
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q modes satisfying 0 5 qRgl I 0.58 and 2.71 5 qR,15 6.06 
become unstable; and (v) (qRgl)mnkr, which is a minimum 
point in the second unstable region of microphase tran- 
sition appearing in curves 4-6, shifta toward a larger value 
of q with increasing xN1. It should be noted that curves 
5 and 6 in Figure 9 are very similar to curves 5 and 6 in 
Figure la. Therefore, for larger values of xN1, the unstable 
region appearing on the left side is related to macrophase 
separation, whereas the unstable region on the right side 
is related to microphase transition. 

Based on Figure 9, plots of (XNI), versus 41 are given 
in Figure 10a for various values of a (0.5 d a d 1). Note 
that the values of xN1 at points A-D in Figure loa were 
used to generate curves 1-3 and 5 in Figure 9, respectively. 
Also, plots of xN1 versus 41 for N3IN1 = 0.1, f1 = 0.5, 
and 43 = 44 = (l/2)(1- 41) are given in Figure lob. It can 
be seen in Figure loa that (i) for a = 1 (i.e., the mixture 
of the block copolymer (A-B)1 and two homopolymers A 
and B), both (XN1)splicm and (xN1),macro decreases with 
decreasing 41; (ii) for a = 0.8, (xN1),,,,, initially increases 
and then decreases with decreasing 41; (iii) for a = 0.6 and 
0.5, (xNi)s,micro increases rapidly with decreasing 41; and 
(iv) (xN1),,acro is independent of a at a given 41. Note 
that both (XNl)s,micro and (xN1),,mm for 1 - a are the same 
as those for a. It should be mentioned that curve 1 in 
Figure 10a (i.e., a = 1 or 0) was reported previou~ly.~~ 

The spinodal curves for the macrophase separation in 
Figure 10a were obtained by substituting eqs 19,20, and 
43 into eq 38: 

1/(Nl$lN343) + l/(N343N444) + 1/(N141N444) - 
2(X13//N444 + x1[/N3$3 + X34/N141) + 2(x13/x34 + 

x34x14' + x13/x1[) - [(x13/)' + (x1:)' + (x34)21 = (44) 
where 

x13/ f l X 1 3  + (l - f l )X23 -fl(l - f1)XlZ (45a) 

(45b) = fix14 + (l - f l )X24 -fl(' - f1)XlZ 

Note that eq 44 can also be obtained from eq 48 in ref 20. 
For f1 = 0.5, N3 = N4 = rN1, and 43 = 44 = (1 - 41)/2, 

which is the same situation considered in Figure 10, eq 44 
reduces to 

(xN1),,m,cro = 2 / [ ~ ( 1 -  41)l (46) 
From eq 46 we observe that (xN1),maero decreases with 
decreasing 41 and (xN1)s,m,cr, is independent of a at a 
given 41 (see Figure 10). 

It should be mentioned that both (XNl)s,micro and the 
region of thespinodal for macrophase transition (Le., 41,CR) 
increase with decreasing a until a reaches 0.5 for mixtures 
of block copolymer (A-B) and two homopolymers C and 
D, as shown in Figure 10. On the other hand, the region 
of the spinodal for macrophase transition (41,CR - 41,cL) 
decreases, whereas (XNl)e,micro increases with increasing a 
for mixtures of two block copolymers, (A-B) and (C-D), 
as shown in Figure 4a-d. 

When the ratio N3/N1 = N4/N1 is decreased to 0.1, the 
microphase transition region is greatly extended, as shown 
in Figure lob, although the general trend is similar to that 
in Figure loa. 

IV. Concluding Remarks 
In this paper, we have presented a new method for 

calculating the structure factors Stj(q) for multicomponent 
polymer systems using the random-phase approximation 
and incompressibility constraint. Specifically, we have 
derived e 12 for an m-component polymer system and 
obtained&,(q) in explicit form given in eqs 17-21 for 
4-component polymer systems. We then considered, for 
illustration purposes, spinodal curves (or stability limits) 
for two 4-component polymer systems, namely (i) mixtures 
of two block copolymers, (A-B)/(C-D), and (ii) mixtures 
of a block copolymer, (A-B), and two homopolymers, C 
and D. We have found that under certain relationships 
between the xtl, in the mixtures of two block copolymers 
(A-B) and (C-D) having different chemical structures, 
two spinodal transitions for microphase separation are 
possible a t  two different values of (qR,1)* and that each 
(qRgl)* changes with 41. Note that, in the most general 
situation, we need six Flory interaction parameters, xi,, 
for the 4-component polymer systems considered above. 
The predictions made in this study must await the results 
of careful experimental investigation in the future. 

In deriving eq 12, we have impoeed the incompreaeibility 
constraint. Recently, Freed and c o - w ~ r k e r s ~ ~ - ~ ~  raised 
questions about the validity of the incompressibility 
constraint for block copolymer melts. At  present, however, 
there is not sufficient experimental evidence, which either 
supports or rejects the validity of the incompremibility 
constraint, that has been used in the derivation of various 
exprwions for the structure factors for block copolymers 
using the RPA m e t h ~ d ? * ~ J l - ~ ~  We must await the results 
of careful experiment, which will enable us to determine 
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the validity of (or reject) the incompressiblity constraint 
often used in RPA calculations. 
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